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SUMMARY

The thesis “ On a structure of stationary statistical structures” deals with
certain aspects of the general theory of stationary statistical structures.

There are considered such main notions and auxiliary statements from the set
theory, measure theory, probability theory, mathematical statistics, mathematical analysis
and functional analysis, which are applied essentially in these investigations. Main
properties of such structures from the point of view of ergodic theory (i.e., the
theory of quasiinvariant and invariant measures) are studied. In particular, here is
studied a relation between stationary probability measures and measure preserving
transformations.

First part of the present thesis is devoted to study properties of elementary
stationary probability measures defined on N-powers of Polish spaces. In particular,
a space of all invariant sigma-finite measures with a metrically transitivity property, a
problem of the existence of a basis and of the estimation its cardinality are under
considerations in this thesis. In order to solve these problems, there are used such well
known methods of measure theory that are Charatheodory theorem about extending
of a probability measure from an algebra to the minimal o -algebra generated by the
same algebra, Khan theorem, Radon-Nikodim theorem, properties of o -finite
invariant measures with metrically transitivity properties and so on. A problem of a
construction of ergodic and nonergodic stationary stochastic processes in various
probability spaces is considered in that thesis.

Second part of the thesis is devoted to study of set-theoretical characteristics of
mutually orthogonal diffused stationary processes. Here is considered a classification
of various (orthogonal, weakly orthogonal, strictly orthogonal, having consistent
estimate) families of probability measures introduced by A.Skorokhod in 1981. It can
be mentioned especially that a problem of a transition from the weakly separated
family to the strictly separated one does not lost his actuality. In this direction a
result of A.Skorokhod obtained in 1981 is of some interest. His result asserted that
under CH (Continuum Hypothesis) each weakly separated family of probability
measures is strictly separated if its cardinality is equal or less than the cardinality of
continuum. The validity of the converse result has been established by G. Pantsulaia
in 1989. In particular, it has been shown that if each weakly separated family of
probability measures, whose cardinality is equal or less than the cardinality of
continuum , is strictly separated then CH holds. In 1984, by MA (Martin Axiom),
Z.Zerakidze proved that each weakly separated family of Borel probability measures
on a Polish space with cardinality equal or less than the cardinality of continuum, is
strictly separated. In 2003, this result has been extended by G.Pantsulaia for complete
metric spaces whose topological weights are not measurable in the wide sense.
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Problems of a transition from a weakly separated family to a strictly separated and of
a construction of a consistent estimator for the family of countable powers of shift
measures defined on the real axis (which are stationary measures defined on the
topological vector space R™) are directly connected with topics of the theory of
statistical decisions described above. Here are presented two approaches to solve these
problems. The first of them applies the methods of the theory of uniformly distributed
sequences on [0,1]. The second of them uses TSLLN(The strong law of large
numbers).

Another part of the thesis is devoted to construct of various families of
stationary probability measures by methods of infinite combinatorics. It is well known
that methods of infinite combinatorics have lately been successfully used in different
areas of mathematics, for example, in topology and measure theory. Among them,
special mention should be made of the method of constructing a maximal (in the
sense of cardinality) family of independent families of sets in arbitrary infinite base
spaces. The question of the existence of a maximal (in the sense of cardinality)
independent family of subsets was considered by A.Tarski. He proved that this
cardinality is equal to 2“"). This result found an interesting application in general

topology by means of which it was proved that in an arbitrary infinite space £ the
geard(E)

cardinality of the class of all ultrafilters is equal to 2 Using the method of an

independent family of sets in the case of the Euclidean space E , in 1981 A.B.

Kharazishvili constructed a maximal (in the sense of cardinality) family of orthogonal
elementary D -invariant extensions of the Lebesgue measure | , where D denotes a

group of all isometric transformations of the Fuclidean space E . It can be noted

especially that E. Szpilrajn (E. Marczewski) was the mathematician who in 1946
firstly has used the method of an independent family of sets to construct
nonseparable extensions of the Lebesgue measure. Later, in 1950 S. Kakutani, K.
Kodaira and J. Oxtoby have used the same method to construct nonseparable invariant
extensions of the Lebesgue measure.

The method of an independent family of sets has been used to construct an
example of a nonelementary D -invariant extension of the Lebesgue measure | such

that the topological weight of the metric space associated with such a measure is
maximal; In 2003, the method of an independent family of sets due to A.Tarski, has
been generalized and successfully used to construct various (orthogonal, weakly
separated, strictly separated, with consistent estimators, elementary, nonelementary)
families of invariant extensions of the Haar measure defined on an arbitrary
uncountable locally-compact ¢ -compact topological group. Thus, some results of the
theory of invariant extensions of the Lebesgue measure have been generalized. The
further part of the thesis is devoted to applications of the method of independent
families of sets elaborated by G.Pantsulaia in order to construct and to estimate
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cardinalities of various orthogonal families of stationary probability measures, in
particular, of various (orthogonal, weakly separated, strictly separated, with consistent
estimators, elementary, nonelementary) extensions of so called G -processes for an
arbitrary infinite additive group G .

A question from the mathematical theory of information transmission asking
whether is important to know a structure of the group of all admissible translations
of a stationary probability measure(for example, of the “White Noice”)  for a
construction of the consistent estimator is discussed in this thesis.

For an arbitrary infinite additive group G. Here is studied the following
problems of the theory of statistical decisions - a separation problem and a construction
of the consistent estimate for Baire and Borel G-processes defined on the G-power of a

Polish space. In order to solve these problems, methods of the theory of uniformly
distributed sequences and the strong law of large numbers are applied.

The following results are obtained in the present thesis:

1. It is elaborated the method for a construction of some stationary statistical

structures on the §f -power of a Polish space;
2. Itis constructed a basis of the space of all elementary stationary probability measures

defined on the ff -power of a Polish space and its cardinality is calculated;

3. By using methods of infinite combinatorics (independent families of sets, almost
disjoint families of sets, separating families of functions, etc.) it is constructed
various invariant non-separable extensions of stationary measures defined on fy -
powers of locally compact @-compact Polish groups;

4. In the case of an arbitrary infinite additive group G, consistent estimators are
constructed for a certain class of Baire and Borel G-processes defined on the G-power
of'a Polish space.

5. In the topological vector space R™ equipped with Tychonoff topology, an
example of a non-trivial o finite Borel measure is constructed with everywere

dense (in R™) group of admissible translations (in the sense of invariance) such

that this measure is not equivalent to any [ —power of absolutely continuous
Borel probability measure defined on the real axis R.
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